Purification of Single Qubits and Reconstruction from Post - Measurement State 
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Purification of mixed states in Quantum Medianics, by wfiidi we mean tfie transformation into 
pure states, lias been viewed as an Operation in tfie sense of Kraus et al and explicit Kraus Operators 
[3-5] have been constructed for two seperate purification protocols. The first one, initially due to 
Schrodinger [6] and subsequently elaborated by Sudarshan et al [7], is based on the preservation of 
probabilities. We have constructed a second protocol here based on optimization of fidelities. Both 
purification protocols have been implemented on a single qubit in an attempt to improve the fidelity 
of the purified post measurement state of the qubit with the initial pure state. We have considered 
both complete and partial measurements and have established bounds and inequalities for various 
fidelities. We show that our purification protocol leads to better state reconstruction, most explicitly 
so, when partial measurements are made. 



I. KRAUS FORMALISM 

Kraus et al have given an extensive formalism to study 
all possible changes of quantum states (a general quan- 
tum state can be described by a density matrix that 
can be pure or mixed). The most remarkable features of 
this formalism are an intrinsic algebraic structure from 
the mathematical point of view as well as the physically 
striking result that any quantum state can be changed 
to any other quantum state through the so-called Oper- 
ations. An Operation O is defined as follows: Consider 
a quantum system in the state psys with a Hilbert Space 
Ti. which is coupled to another quantum system, often 
called the environment, in the state pE and which has 
a state space Ti.E- The system and the environment in- 
teract through a Unitary Evolution U which acts on the 
total Hilbert Space H (E) He- Now some property of the 
environment is selectively measured by a projection op- 
erator Qe so that the state becomes: 



(I®Q. 



^)U{psys(E)pE)U^il(E)Ql 



(1) 



The system is then considered as an isolated system de- 
scribed by the reduced density matrix, 



Psys = Trsp 



(2) 



where the trace is taken over all possible states of the en- 
vironment. The resulting state change O : 
Psys — > Psys IS Called an Operation. According to the 
Kraus formalism, this operation can be represented in 
terms of Kraus operators Ak acting on the state space 
of the system such that 



Psys — / ^ -^kPsys^f^ 
keK 



(3) 



As the measurement Qe is selective, the Ak operators 
satisfy the trace non-increasing condition 



E^'=4<i 



(4) 



keK 



where K is some indexing set. The operators Ak are 
defined by 



if,Akg) = {{f®f^),U{9®9'')) 



(5) 



where /, g arbitrary vectors in the state space of the 
system, {f^\keK} form an orthonormal basis of QeT^-e 
and g^ is the pure state in which the environment can 
be assumed to have started in. 

As remarked earlier, operations can connect any given 
pair of density matrices {pi,p2\- In particular, one can 
go from an initial mixed state to a pure state. This may 
sound counter-intuitive as the process of going from an 
initially pure state to a mixed state, as happens in quan- 
tum measurement, is seen as an irreversible step with an 
increase of (von Neumann) entropy. In this sense, the re- 
verse process of going from mixed state to a pure state 
may seem impossible. But, as is clear from the Kraus 
formalism, this cannot happen in any isolated system but 
needs coupling to another system. In classical thermo- 
dynamics also, the entropy of a sub-system can always 
decrease without any violation of the second law. 

The process of going from a mixed state to a pure state 
is called Purification and was allegedly first considered by 
Schrodinger [6]. There is a vast literature on this topic 
[8]. In the current literature 'Purification' is often un- 
derstood to be the process of associating a suitable pure 
state of a larger system whose reduced density matrix is 
the mixed state one started with, but for us purification 
of a mixed state is any protocol that produces a pure 
state from it. 



II. KRAUS OPERATORS FOR QUBITS 

Though only a selective measurement and one Uni- 
tary transformation was considered in arriving at equa- 
tion (3), it is straightforward to generalize to any type of 
measurement and any Unitary transformation in differ- 
ent combinations. From now onwards, we shall relax the 
condition of selectivity in measurements and consider all 
possible outcomes for measurements ( we only consider 
projective measurements here) . We shall also be restrict- 
ing ourselves to 2-level systems (qubits) only. Then one 
needs two Kraus operators for a general operation. 

Any pair of operators, 

Ao = (a|0)+/3|1))(0| Ai = (a|0)+/3|1))(1| (6) 

satisfy 

AIAo + A\A,^I (7) 

where a and (3 satisfy |ap -I- |/3p = 1. For any arbitrary 
density matrix pin these operators produce 



Pout 



= AopAl + AipAl = 



|a|2 a/3* 



(8) 



Clearly, pout is a pure state and it is independent of the 
initial state pi„. By eqn(5) the Kraus operators here are 
of the form. 



^0 = {Oe\U\Oe) Ai = {1e\U\0e) 



(9) 



where the environment is asumed to start in the pure 
state lO^;). It is straight forward to check that the unitary 
operator U that generates the Kraus operators (6) for this 
operation is: 

C/=((a|0)+/3|l))(0|)® \0e){0e\ 
-f((a|0)+/3|l))(l|)® \1e){0e\ 
+ K|1)(0| -r|0)(0|)® \Oe){Ie\ 
+ K|1)(1| -/310)(1|)® |1^)(1^| (10) 



III. PURIFICATION PROTOCOL - A 

Consider some density matrix which is a mixture of 
two orthogonal states 



P =Pipi +P2P2 



(11) 



where, pj^ pi,pl^ p2, tr{pip2) = 0, trpi = trp2 = 1. 

The Purification Protocol discussed here is based on 
the principle of preservation of probabilities. In [7] this 
was taken to mean that the overlap of p with pi 2 is 
Pi^2- This was first discussed by Schrodinger [6] and later 
elaborated by Sudarshan et al. Then this Purification 
Protocol leads to the family of pure states: 



P = PiPi + P2P2 + \/PlP2 



Plllp2 + P2T^Pl 

^tr{piU)tr{p2n) 



(12) 



where 11 is a projection which is not orthogonal to either 
Pi or p2. 

If pi = |0)(0|,/32 = |1)(1| andn is of the form 



n = (/i|o) + Hi))((o|A*'^ + (i|z.*) 



(13) 



[Pt V ^ Q since 11 is not orthogonal to cither |0)(0| or 
|1)(1|) then the purified state is given by 

p^ - pi|0)(0| +P2|1)(1| + VPlP^(e'l0)(l| + h.c) (14) 

where (j) is the phase of pv* and h.c stands for Hermitian 
conjugate. The reason that only this phase appears in 
the purified p is that preservation of probabilities leaves 
only a phase left unspecified in a pure state. Different 
choices of (j) lead to different purified states. There is no 
principle that selects a particular value of (j). The Kraus 
operators which generate this operation are of the form 
(6): 

^o = Vpre'*|0)(0| + VpJ|l)(0| 
Ai-VPre'^|0)(l| + Vi^|l)(l| (15) 

The Unitary transformation U generating these opera- 
tors is of the form (10) with the substitutions: a = 
y/ple"^ and /? = V^. 

IV. PURIFICATION PROTOCOL - B 

As shown in Sec. 2, any state (Pure or Mixed), 



P 



a p 
p* 1 



can be purified to 

Pout = 0{p) = 



aP* 



a*l3 



(16) 



(17) 



by using the Kraus operators of eqn(6). At this stage. 
Pout can be any state of the system and the purification 
scheme is too general. Now we adopt a principle different 
from the one followed in Protocol- A to be able to fix the 
purified state. The Principle we adopt is that the purified 
state must have maximal overlap with the mixed state we 
started with. If we use the formula tr{pi — ^2)^ for the 
distance between any two states {pi,p2), our principle 
is also equivalent to demanding that the purified state 
be as close as possible to the mixed state. The overlap 
between p and pout is JF = tr{p.pout)- Thus, 



jP = a|ap + pa* 13 + p*al3* + (1 - a) 



(18) 



Letting |ap = p, \/3\- 
and p — \p\e^'^ one has 



1 - p, af3* == Vp(1 -p)e' 



ie 



T = ap+{1- a)(l -p) + 2\pyp{l-p)co&{e - 



1 



(19) 



The condition on the phase 9 for maximizing F is 
■ch. Then, 



T{p) =ap+(l- a){\-p)+2\pWp{l-p) (20) 
which must be maximised w.r.t. p: 



It can be shown that F„-,nr occurs for 



(21) 



The case p = needs to be handeled seperately. In that 
case 



T^ap+{l-a)(l-p) 



(23) 



If a > 1/2 then p = 1 gives T ~ a > 1/2 and pout — 
|0)(0|. However, if a < 1/2 then p = gives T =1 — a > 
1/2 and pout = |1)(1|- FinaUy if a = 1/2, then F = 1/2 
for both the above pout 's and no unique pure state can 
be picked. 



V. MEASUREMENT OF SPIN AND 

IMPROVEMENT IN FIDELITY OF 

POST-MEASUREMENT STATE WITH INITIAL 

STATE BY PURIFICATION 

An ensemble {N copies-A^ very large) of Spin - 1/2 
particles is made. This ensemble is divided into 3 equal 
sub-ensembles and measurements are made of Sz , Sy and 
Sx on the respective sub - ensembles. Let pi be the prob- 
ability for the outcome \+)z, P2 for |+)j; and ps for \+)x- 

Let the basis for the 2-Dimensional Hilbert space be 
the eigen-vectors oi ctz, \+)z = (l^O) and \—)z = (0,1). 
In this basis 



|±).^(1/V2)( ^A:\±)y^il/V2)fl^ 



(24) 



Now, the three post-measurement density matrices are 
respectively: 

Pl^Pl\+)zz{+\ + i^-Pl)\-)zz{~\ 
P2 ^P2\+)yy{+\ + C^ - P2)\-)yy{~\ 
P3 ^P3\+)xx{+\ + (l-P3)|-)x2:(-| 

(25) 

Now one takes an equal weightage of the three 
post-measurement density matrices to give Pmsmt = 
(l/3)(/9i+p2+P3). Therefore, 



Pmsmt — 



2pi + 2 



(2p3 - 1) + *(1 - 2p2) 



6 V (2P3 - 1) - i(l - 2p2 



4^2pi 



(26) 



Since this a complete measurement, the initial density 
matrix can be determined and is; 



Pi 



{2p3-l)+i{l-2p2) \ 

Ptm = I (2p3-lM(l-2p2) ^ ^p^ 1 (27) 



Clearly, the relation between Pmsmt and pini is, 

Pmsmt = (1/3)(I + Pini) (28) 

In a seperate publication we have established a result 
analogous to eqn(28) for arbitrary systems with finite 
dim H [9] . The Fidelity of Pmsmt with the initial state is 

•^ \Pmsmt7 Pini) — f^'^yPmsmtPini ) — ZfO l^^j 

independent of pini- Since, pini is pure its eigen- values 
are 0, 1. Hence, the eigenvalues oi Pmsmt are, from (28), 
1/3 and 2/3. Therefore Pmsmt can be written as. 



2 1 



(30) 



Substituting in eqn(28) and the completeness relation 

I=|Oai + k)(.| (31) 

one finds 

P^n^^\l){l\ (32) 

Therefore, we have established that the eigenvector cor- 
responding to the largest eigenvalue is the initial state. 
The Purification of 

p™s™t = (2/3)|0(/| + (l/3)|s)(s| (33) 

by Protocol - A is 

pifi, = (2/3)10(^1 + (1/3)|.)(.| 

+ V2/i{e'^\l){s\+e''^\s){l\) (34) 

Now, the fidelity is, 

^{PmsmtT Pini) — mPmsmtN — 2/3 (35) 

Comparing this result with (29) the Purification 
protocol- A does not improve the fidelity of the purified 
post-measurement state with the initial state for com- 
plete orthogonal measurements. 

However, one could have taken a larger interpretation 
of protocol- A which would preserve all the pi,p2,P3 in 
which case the purified state has to coincide with the 
initial state leading to a fidelity of unity. 



However, protocol- B offers a different insiglit into tfie 
problem of complete and partial measurements. In fact, 
it is shown here that, for complete measurements, the 
initial or the pre-measurement state is the "closest" pure 
state (by the purification protocol- B) to the resultant 
post-measurement state (by taking an equal weightage 
of the three post-measurement states obtained from the 
three measurements). 

Now, the purification of Pmsmt by protocol - B is 



rmsmt 



p 



Vi5(l-p)e"^* 



1-p 



_ (2p3-l)+»(l-2p2) 



(36) 



Therefore, 



Here, a ~ {pi + l)/3 and p = 

^ V(2p3-l)- + (l-2p.)^ ^^ ^ ^ (2p3-l)/6 



(l-2p2)/6 



For complete measurements. 



sin(0) = , 

6 

Pi , p2 and p3 are related by. 



(2pi - 1)2 + {2p2 - If + (2p3 - 1)2 = 1 (37) 

It is easy to verify after some algebra that 

^p = pi; vp(i-p)e'^ = 



(38) 



JB) 



In other words, Pmsmt ^ Pini- The initial state is the 
closest pure state by Purification Protocol - B ,in fidelity, 
to the mixed state Pmsmt This also means that protocol - 
B has purified the post-measurement state to maximum 
fidelity with the initial state. 



A. Partial Measurements 

The real issue is in the context of partial measure- 
ments where the initial state can not be unambiguously 
reconstructed. In this section we establish the follow- 
ing two results: (i) the purified state under protocol-B 
always has a greater fidelity with the pre-measurement 
state than does the post-measurement state, (ii) the fi- 
delity of the purified state under protocol-B with the 
initial state is always greater than that of the purified 
state under protocol-A (in an unbiased average sense as 
protocol-A does not favour any single pure state) except 
in some singular cases where the fidelities are the same. 
Thus protocol-B is the better when trying to reconstruct 
the initial state from the post-measurement state. 

Suppose two measurements are made. Let pi and p2 



= measurement results \-\ 
post-measurement state. 



and 



respectively. Then 



(2pi + l)/4 i{l-2p2)/A 
-i{l-2p2)/^ (3-2pi)/4 



(39) 



Let, the initial state be -0 = a|-l-)z -I- /3|— )z Therfore, 
Pi = |ap, p2 = |(V'l+)yP which is equivalent to (ia* — 
a/3* = i{2p2 — 1). From these relations we can compute 
the fidelity : 

^i(0™s™t,^) = \{{2pi - If + {2p2 - If + 2) (40) 

To purify the state by protocol - A, we can adopt the fol- 
lowing procedure: We know that the initial state density 
matrix pmi = IV') ("01 is of the form, 

Pini == 1/2 + {Sx)(Jx + {Sy)ay + {Sz)(Jz 

and the relation is, 

{S^.? + {S.f + {S.f = 1/4 
Therefore, 



1, 



±-[v/T^(2^^^iF^(2^7^TF] 



(41) 



where we use the relations {Sz) ~ {2pi — l)/2 and (Sy) ~ 
{2p2 — l)/2 One of the signs for (Sx) gives the initial state 
so that the fidelity is 1 whereas the other choice gives 
some other state with a different fidelity. For argument's 
sake we assume that the choice of positive root gives the 
initial state. Then, 



^(-4) 



^2,a(p«™>„,„t^(S^)^) = l (42) 

The fidelity when the negative root for (Sx) is chosen is. 



1 



^2.b{Pim,<t>rr,.,ry,.t.lS^)J ^ n+ 2{Sx)-{Sx 



2{Syf 

l-^Sxf 



+2{Syf + 2{Szf 



(43) 



The average fidelity is, 

T2.av = 1 - 2{Sxf (44) 

Now, purification by protocol-B gives. 



By comparing eqns. (39) and (16) we get, a — (2pi-|-l)/4 
and p = i(l - 2p2)/4 :^ |p| = | (1 -- 2p2)/4| and e*"^ = ±i 
depending on the sign of A2. Introducing the notation 
Ai = 2pi — 1, ^2 = 2p2 — 1, we have 

(1 _ 2a) = -A,/2; 4\p\' + (1 - 2af ^ (1/4)(A? + A^) 

(46) 



Ai 



Therefore using (22), 

Using the relations for |ap, pi and p2 



(47) 



^1 



1 

2^ 



Then the FideUty J^g is: 



^^ = \[l + {Al + Alf/'] 



(48) 



(49) 



Therefore, 



>0 



(50) 



In other words, 



^3>^l 



This means that for a partial measurement where only 
two components of spin are measured, the fidelity can 
always be improved over J^i{(j)msmt, Pmi) by Purification 
Protocol - B. Furthermore, 

•^3('^L''1*,^) = ^[1 + (1-4(5.)')'/'] 
Now from (44), 

■^2,a. = ^(1 + 1-4(5^)2)) 

Hence, 

2T2,av -1 = 1- 4(5,)2 

and this leads to 

2^3 - 1 = (2^2,a. - 1)'/' 

Clearly since {2T2.av — 1) < 1 we have, 

Clearly, Purification by Protocol - B reconstructes the 
state with better fidelity than does purification by pro- 
tocol - A on the average. 

When only one component of spin is measured, say, Sz 
then we have the p = case as has been worked out in 
the last part of section 4. Here, 



Again, the initial state is of the form: -0 ~ a|+)z+/?|— )z- 
Now, we know only that jap = Pi- The Fidelity of the 
post-measurement state with the initial state is: 



J^i{Xnis-mt, |V')(V'I) = (V'lXmsmtIV') 
= P? + (1-Pl)' 



(51) 



Now, if we purify the Xmsmt by protocol - A, then 



(A) 

Xmsmt 



Pi 



Vpii^-piy^ 



V'pi(l-Pi)e-*'^ 1-pi 

The pini ~ |V')('0l is of the form 
Pi 



Pini 



Vpiil - Pi)e-^' 
^pi{l-pi)e''> 1 - PI 



(52) 



(53) 



where, pi is known from measurement, but the phase 9 
cannot be determined. All values of 9 should be consid- 
ered equally likely. Therefore, 

•''byXmsmti Pini) — ''"''[XmsmtPini) 
^P\ + {1-Plf 

+2pi{l-pi)cos{9 + (j)) (54) 

The average Fidelity with equal weightage for all 9 is, 

H,av =Pi + (1 -Plf 

Now, if pi > 1/2, then the purified state according to 
protocol - B is, 



(B) ^ f 1 



Then, 

•^6(xL''sL, \4')m = tr{x':^i^M)m 

= Pi (55) 

Since, pi > 1/2, it can be verified that 

•^6(Xmimt: l'0)(V'l) > ^iiXmsmt, WW) 

It can be verified that even for pi < 1/2 protocol - B 
always leads to an improvement in fidelity. 
Also, since J^5_av — J^i, we have the relation 

^eixl^Lt^ IV')(^l) > ^S.avixl^Imt^Ptm) 

Thus, the fidelity offered by protocol - B is better than the 
average fidelity offered by protocol - A. 



Xmsmt ^Pl\+)zz{+\ + (1 -Pl)\-)zz{-\ 
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